Sequences of numbers
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1 Examples for sequences of numbers

1.1 harmonic sequence

1 111
E le:a, =—n>1i{a,} =1,=,5,—..
xample: an = —;n > {a,} 531
lim a, =0
n—oo

1.2 alternating sequence

Example: a, = (=1)";n > 0;{a,} =1,—-1,1,—1...

lim a,, does not exist.
n—oo

1.3 recursive presentation of a sequence

1 2
Example: a,1 = 5 <an + —) n>1,a =1
aTL

3
a__
27 9
1/3 4 17
—(=+=):a3=—=1,416
as 5 2+3),CL3 12 y 67
ay = 1,41422

Under the assumption, that the sequence a, converges against a limit a*, one can give an
estimate of a*:

. L[, . 2
a*=—=a"+—
2 a*

*) 2 2

From the last equation it follows 2a* = u

a*
2(a*)? = (a*)? + 2, (a%)? = 2;ax = /2
The proof of convergence to v/2 is presented by the link below. This proof is not subject of

the tutorial.
convergence against the square root of 2

1.4 arithmetic sequence

For an arithmetic sequence the following definition holds: a,, 1 —a, = d;n > 0. d is a constant
real number.


file:wurzel_2.png

Example: ag = 2; a7 = 4;a, = 6;a3 = 8..., it follows a1 — a, = 2

1.5 geometric sequence

a
" — g;n > 0300 # 059 > 0
a’n
Example
a
a =24 =4= — =2
Qo
a a
ay =8,a3 = 16..., = =2, = =2
451 a2

2 Limit theorems

In the following it is assumed that for all limits n approaches oco.

21 LT 1l:a,—aandb, —>b,a,+b,—>a+b,a, b, —a-b

The sequence {a,} shall converge against a real number a and the sequence {b,} shall con-
verge against a real number b. Then the sequence {a,, + b,} converges against the limit a + b
and the sequence {a, - b,} converges against a - b.

2 6
Examples: 3 + —; —
n n
2
a, = 3,b, = —
n

2 6
ap +b, =3+ —;0a, b, =—
n n

a= lim a,; a=3;b= lim b,; b=0
n—00 n—oo

a+b= lim(a,+b,);a+b=3

n—oo

a-b= lim(a, -b,);a-b=0

n—oo

2.2 LT 2: an—>aandbn—>b,b7é0,%—>%

If the sequence {a,} converges against a real number a and the sequence {b,} converges

Qp, .
against a real number b # 0, then the sequence {b—} converges against the real number 7



2

3+ —

Example: g
I+ -

n

2 3
an =3+ —,b, =1+ —
n n

2
3 + — converges against 3; a = 3
n

3
1+ — converges against 1; b =1
n

It follows

2
3+ — .

g converges against 7= 3
1+ -

n

23 LT 3:a, —>o0and b, —b,a,+b, > o0

Assumption: lim a, = oo
n—oo

If {b,} converges against a real number b, then it follows lim (a, + b,) = 00
n—oo

Example:

a, = 4n, b, = —
n

lim 4n =00, lim —=0;b=0
n—o0o n—oo 1

it follows lim (a,, + b,) = 00
n—oo

2.4 LT 4: a, — oo and b, gegen b # 0, a, - b,

The product sequence {a, - b,} converges against +oo, if b > 0 and against —oo, if b < 0.
1

Example: (1 +n) (—3 + —)
n

1
a,=14+n,b, = (—3+—)
n

lim a, = o0, lim b, = —-3; b= -3
n—o0 n—oo

lim (a, - b,) = —o0

n—oo

additional calculation:

1 1
(14+n)(—=3+ =) =—-3—3n+ — + 1 converges against —oo
n n



2.5 LT 5:a, — a, a+#0, bn—>oo,%—>0

Assumption: lim b, = oo and lim a, = a with a # 0
n—oo n—oo

Then it follows lim - = 0
N—00 bn

1
24—
n

3+n

Example:
1

a, =2+ —;b,=3+n
n

a, — 2; b, = o0

. an
Jm =0

2.6 LT 6: an—>ooandbn—>b;b740,%—>oo

n

Assumption: lim a, = oo and {b,} converges against a real number b # 0.
n—oo

Then it follows lim n _ 00

n—oo bn
2 2
Example: +_nl
1+ -
n
an = 2+ n?
1
b, =1+ —
n

a, —>o0o; b, > 1;b=1

G
by

Assumption: lim a, = a and a # 0. The sequence {b,} converges against 0.
n—o0

27 LT 7:a,—a,a+#0and b, — 0,

If @ > 0 then 1im%:oo

n—o0 Op
If a < 0 then li_)m %:—oo
Z o by,
Beispiel: ——*
1

anp =1+ —,b, = —
n n



lim a, =1, lim b, =0
n—oo n—oo

It follows lim - = oo
Nn—00 bn
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